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Abstract 

BMPV black holes in flat transverse space and in Taub-NUT space have identical near 
horizon geometries but different microscopic degeneracies. It has been proposed that this 
difference can be accounted for by different contribution to the degeneracies of these black 
holes from hair modes, - degrees of freedom living outside the horizon. In this paper we 
explicitly construct the hair modes of these two black holes as finite bosonic and fermionic 
deformations of the black hole solution satisfying the full non-linear equations of motion of 
supergravity and preserving the supersymmetry of the original solutions. Special care is taken 
to ensure that these solutions do not have any curvature singularity at the future horizon when 
viewed as the full ten dimensional geometry. We show that after removing the contribution due 
to the hair degrees of freedom from the microscopic partition function, the partition functions 
of the two black holes agree. 
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1 Introduction 

String theory has been successful in providing an explanation of the entropy of supersymmet- 
ric extremal black holes in terms of microscopic degrees of freedom. Initial studies focussed 
on black holes carrying large charges for which the classical two derivative action, and the 
associated formula for the entropy due to Bekenstein and Hawking, is sufficient to compute 
the entropy. This assumption can be relaxed to some extent using Wald's formula for black 
hole entropy Q, 0, H, 3 that takes into account higher derivative corrections to the classical 
action. However a complete expression for the entropy of a black hole receives contribution 
from higher derivative corrections as well as quantum corrections. On general grounds one 
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would expect that the generalization of Wald's formula to the full quantum theory will involve 



;he black hole and will not 
5]. Indeed Wald's classical 



some computation in string theory on the near horizon geometry o 
be sensitive to the nature of the solution away from the horizon 
formula for the entropy certainly satisfies this criterion. 

This simple assumption has a non-trivial consequence: two different black holes with iden- 
tical near horizon geometries have the same macroscopic entropy. The equality of the macro- 
scopic and the microscopic entropy would then imply that they must have the same microscopic 
entropy. There is however a counterexample: a rotating black hole in type IIB string theory 
compactified on K3 x S\ known as the BMPV black hole [6], placed in a flat transverse space 
and in Taub-NUT space El have identical near horizon geometries j§| but different microscopic 
degeneracies 0, [uj, Ell EJE^l 



The following resolution to this puzzle was proposed in 16] . Whereas an appropriate 
computation in string theory in the near horizon geometry of the black hole would give the 
macroscopic entropy associated with the horizon, the full macroscopic entropy also involves 
contribution from the hair degrees of freedom - degrees of freedom living outside the horizon. 
For a supersymmetric black hole the latter can be computed by identifying classical supersym- 
metry preserving normalizable deformations^ of the black hole solution with support outside 
the horizon, and then carrying out geometric quantization on the space of these solutions. 
Ref. 16| identified a class of such deformations both for the BMPV black hole in flat transverse 
space and BMPV black hole in Taub-NUT space and found that after removing the contribu- 
tion from these hair degrees of freedom from the microscopic degeneracy formulae, one obtains 
identical result for the two black holes. This can then be identified as the common contribution 
to the degeneracy coming from the horizon. 



The purpose of this paper is to fill some of the gaps in the analysis of [161] . These are of 
three types: 



1. Ref. [16] identified the bosonic deformations of the black hole solution by working with 
the linearized equations of motion. We extend them to the solutions to full non-linear 
equations of motion. 



2. Ref. 16] gave a general argument for the existence of a certain set of fermionic defor- 



mations but did not construct them explicitly. We construct these fermionic modes by 



lr The deformations we shall consider will always be along a null vector or tensor and hence the norm will 
vanish identically. We shall call a deformation normalizable if it vanishes at infinity and produces a configuration 
with finite ADM mass / charge. 
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solving the equations of motion of the fermions around the BMPV black hole background. 



3. Ref. 16| did not study supersymmetry properties of the deformations explicitly We 
demonstrate that the deformations preserve the same number of supersymmetries as the 
original BMPV black hole background. 

During this investigation we also found an unexpected result: one set of deformations for 
each black hole have mild curvature singularities in the future horizon when viewed as ten 
dimensional geometries [l?], 0|- This forces us to remove these modes from the counting of the 
hair degrees of freedom. Fortunately however they give identical contribution to the partition 
function for both black holes and hence even after removing their contribution from the hair 
partition function, we continue to get agreement between the partition functions of the two 
black holes after hair removal. 

In order to guide the reader through the rest of the paper we shall now briefly list the hair 
modes of both types of black holes which we shall construct. Since the solution is independent 
of the coordinate along S 1 it is often useful to regard this as a string like object extended 
along S 1 . In this case a left-moving mode will represent a set of deformations labelled by an 
arbitrary function of the light-cone coordinate that describes propagation of a plane wave along 
the negative S 1 direction. We begin with BMPV black hole in flat transverse space. In this 
case the hair modes are expected to consist of (i) four left-moving bosonic modes describing the 
transverse oscillations of the black string and (ii) four left-moving fermionic modes describing 
propagation of the goldstino modes associated with some broken supersymmetries. On the 
other hand BMPV black hole in transverse Taub-NUT space is expected to carry (i) three 
left-moving bosonic modes describing the oscillation of the black string in three transverse 



directions! («) 21 left-moving boson.c modes arising from certain escalation modes of the 
2-form fields, (Hi) four left-moving fermionic modes describing propagation of the goldstino 
modes associated with some broken supersymmetries, and (iv) four more left-moving bosonic 
modes describing the transverse oscillation of the BMPV black string relative to the Taub- 
NUT space. We explicitly construct each of these modes in our analysisjfl §|2] is devoted to the 
construction of the hair modes of BMPV black hole in flat transverse space, §0 contains the 



2 Asymptotically Taub-NUT has the form of S 1 x R 3 ; thus there are three transverse directions. 

3 In this context we would like to mention that since most of our argument towards the absence (or triviality) 
of higher order corrections to the solution is due to our inability to contract indices, and do not need to make 
explicit use of the form of the action, we expect these deformations to survive even after inclusion of higher 
derivative corrections. 
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construction of the hair modes of BMPV black hole in Taub-NUT space and §H contains a proof 
that the modes constructed in §|2] and §|3] preserve all the supers ymm etries of the undeformed 
background. However we show in appendix [C] following 0, 19, 20] that the four bosonic 
modes describing the transverse oscillations of the black string in flat transverse space and 
the four bosonic modes describing the transverse oscillations of the black string relative to the 
Taub-NUT space have mild curvature singularity at the future even horizon, Thus they should 
not be counted as hair degrees of freedom. In §|5]we compute the partition function associated 
with the horizons of the two black holes by dividing the microscopic partition function by the 
partition function associated with the hair and show that the results match. 

Finally we note that besides the hair modes described above, both black holes carry twelve 
fermionic zero modes associated with the broken supersymmetry generators. The construction 
of these zero modes is straightforward [2l| ; we take a local supersymmetry transformation whose 
parameter approaches a constant spinor other than the Killing spinor at infinity and vanishes 
at the horizon, and apply it to the original black hole solution to generate a fermionic zero 
mode. Since there are 12 independent supersymmetry transformations whose parameters do 
not approach a Killing spinor at infinity, this generates 12 fermion zero modes. We shall not 
discuss the construction of these zero modes any further, but count them in computing the 
partition function of the hair modes in §5j 



2 BMPV Black Hole Hair 

In this section we shall analyze the deformations of the BMPV black hole representing its hair 
modes, i.e. deformations which live outside the horizon and do not change the near horizon 
geometry. The theory that we shall study is type IIB supergravity compactified on K3 



22 



23 



24j . The effective six dimensional theory of massless fields that one gets has many fields 
but we shall list only those which will play a role in our analysis. We denote by $ the ten 
dimensional dilaton, by Gmn (0 < ^? N < 5) the string metric in six dimensions, by the 
RR 2-form field and by = d the associated field strength. The theory also has several 
other 2-form fields. One of them comes from the NSNS sector and has no constraint on its 
field strength, but there are 22 others obtained by dimensional reduction of the RR 4-form on 
2-cycles of K3, of which 19 have anti-self-dual field strength and 3 have self-dual field strength. 
Including the RR 2-form field of the ten dimensional theory, we have altogether 21 2-form 
fields with anti-self-dual field strength and 5 2-form fields with self-dual field strength. We 
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shall denote the self-dual and the anti-self- dual field strengths by H MNP (1 < k < 5) and 
Hmnp (6 < s < 26) respectively, satisfying 

jjkMNP = | det g{ -l /2e MNP QRS BkQRSj jjsMNP = ! detgl -l/2 e MNP QR S ^ (JU) 

where e MNp Q RS [ s the totally anti-symmetric symbol. We shall describe our choice of the sign 
convention for e shortly. The theory also contains a set of scalar fields besides the dilaton, 
coming from the moduli of K3, the RR scalar, as well as the components of the NSNS 2-form 
field and the RR 2- and 4- form fields along the two and four cycles of K3. Throughout this 
paper we shall set all the scalar fields including the dilaton to fixed valuesjj The fermion 
fields in this six dimensional theory consist of a set of four left-chiral gravitini (0 < fi < 5, 
1 < a < 4) and a set of 4 x 21 right-chiral spin 1/2 fermions x ar (1 < r < 21). The precise 
form of the chirality projection rules is given in (12.301) . (12.311) . Note that we have suppressed 
the Dirac indices. 

The field strengths H MNP and H S MNP will include the self-dual and anti-self-dual parts of 
_p( 3 ). We shall choose the convention where H 1 and H 6 denote the self-dual and anti-self-dual 
components of up to a normalization. More precisely we choose 

^mnp = 2e * (H\ INP + H\ INP ) , (2.2) 

where $ is the constant value of the dilaton field. The self-dual-field strengths H 2 , ■ ■ ■ H 5 will 
be set to zero and will play no role throughout our analysis. In the sector where all the scalar 
fields are constants and fermions are set to zero, the bosonic equations of motion take the 
formal 

P — fjk fjkPQ i TTS tjsPQ 

J^MN — n MPQ n N + n MPQ n N 

H k MNP H sMNP = 0, (2.3) 

where Rmn is the Ricci tensor defined in the sign convention in which on the sphere the Ricci 
scalar G MN Rmn is positive. 



4 When the background scalar fields are not constants, the self-dual and anti-self-dual field strengths are not 
closed but can be expressed as linear combinations of closed 3-forms with coefficients given by functions of the 
scalar fields 2^, 13, 24 1. This complication is absent when the scalars are constants in space-time. 



5 This requires appropriate normalization factors appearing in the definition of the H k, s and fP's in terms 
of the fundamental fields of string theory. Typically these normalization factors will be functions of the various 
scalar fields in six dimensions but as long as the scalar fields are frozen to constant values we do not have to 
worry about these normalizations. 
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We now further compactify the theory on S 1 and consider a rotating black hole solution 
describing D5-branes alongjO x S , Q\ Dl-branes along S , —n units of momentum along 
S 1 and angular momentum Jp]. We denote by x 5 the coordinate of the circle S 1 with period 
2 7ri?5, by (2tt) 4 V the volume of K3 measured in the string metric, and by A the asymptotic 



value of the string coupling. As in 16j we shall set the asymptotic values of the scalar fields to 
their attractor values to keep the solution simple. We also denote by t the time coordinate and 
by Wi (1 < i < 4) the four non-compact spatial coordinates. Finally we denote by (r, 9, <p, x 4 ) 
the Gibbons-Hawking coordinates of the four dimensional space labelled by w so that we have 

x 9 x 4 + <p 2 r 6 ■ x ' + < ^ 

w = 2a/?" cos - cos > w = 2y/r cos - sm ■ 



2 2' v 2 2 

9 x 4 -6 A „ r- 9.x 4 - 



w 3 = 2y/r sin - cos , w 4 = 2y/r sin - si 



sin 



2 2' 2 2 7 

(9, 4>, x 4 ) = (2tt - 9, <p + Ti, x 4 + tt) = (9, 4> + 2tt, x 4 + 2tt) = (9, 0, x 4 + 4tt) . (2.4) 

In this case we have 

r =- wW , dw i dw i = r (dx 4 + cos 9d<f)) 2 + - (dr 2 + r 2 d9 2 + r 2 sin 2 9 d<f) 2 ) , (2.5) 
4 r 

and the solution takes the form 
ds 2 = Gh.fNdx M dx N 



ip x (r) \dudv + (ip(r) — 1) <if 2 + Xi( r ) dvdw l ~\ + ip{r)dwidwi 
A" 2 , 

= \ F$ NP dx M A dx N Adx p = T -^ ( e 3 + * 6 e 3 + -^ _1 (r)^ A dc) , (2.6) 
o A \ r / 



e" 2 * = A" 2 , 



where Gmn is the six dimensional string metric and 



u = x 5 — t, V = x 5 + t, 



V r 



Xi dw l = — 2 £ , C = (dx 4 + cos 

8r 

e 3 = sin 9 dx 4 A d0 A d<p . (2.7) 

Here *6 denotes Hodge dual in the six dimensions spanned by t, x 5 , x 4 , r, 9 and cf) with the 
convention e t54re< ^ = 1. The constants r and J are given in terms of the charges and the 
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asymptotic values of the moduli fields as follows: 

_ HQi-Q 5 ) _ AQ 5 _ A>| T _ JX 2 . . 

r °~ AV ~ 4 'ARIV' 2R 5 V [ ' 

Eg. (12.81) gives specific relations between V, A and R5 reflecting the fact we have chosen them 
to coincide with the attractor values instead of keeping them general. For later use we note 
that the background metric and the three form field strengths can be expressed as 



ds 2 = -( e 0)2 + ( e l)2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 + (e 5 )2) 
F< 3 ) = J\ U-3/2( r ) r l/2( e 2 Ae 4 Ae 5 + e Ae l Ae 3) 

+— tp' 2 (r) (-e° A e 2 A e 3 + e° A e 4 A e 5 - e 1 A e 2 A e 3 + e 1 A e 4 A e 5 ) 
8r 



(2.9) 



where 



e° = ^(^(dt + C), 

(dx 5 + dt-^j~ 1 (r)(dt + C)) , 
^ 1/2 (r)r 1/2 (c/x 4 + cos^0), 
V> 1/2 (r)r- 1/2 rfr, 
V> 1/2 (r) r 1 / 2 dO, 

ijj l/2 (r)r 1/2 sm9 d(f). (2.10) 



e 1 



e 2 



e 3 



e 1 



e 5 



The one forms e A are related to the vielbeins via the relations 

e A = e^dx M . (2.11) 

Here A labels a tangent space index. From (12. 9p it follows that the fields strength appearing 
in (12.61) is self-dual. Thus in the black hole background all the ant i- self- dual field strengths 
Hl INP J s vanish. 

The near horizon geometry of (12. 6p is obtained by introducing new coordinates p, r via: 

r = r (3p, t = r//3, (2.12) 
and taking the limit j3 — > keeping r, v, p, x 4 , 9 and <fi finite. In this limit (12.61) takes the form 

ds 2 = tq-^— + dv 2 + r (dx A + cosOdcf)) 2 + -^—dv{dx 4 + cos9d(p) — 2pdvdr 
p 2 4ro 
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+r (d9 2 + sin 2 6d(j) 2 ) , 
A, 



= 1° 



A 



£3 + *e3 + — , dv A ( - dp A (dx 4 + cos 6 1 d</>) + sin 6 d6 A d<p J 
§ r o VP / 



. (2.13) 



We shall now analyze various bosonic and fermionic deformations of this solution which live 
outside the horizon. This in particular will require that when expressed in terms of the new 
coordinate system (I2.12p the deformations should vanish as (3 — > 0. Geometric quantization of 
these deformations are supposed to generate the degeneracies associated with the hair modes. 
The bosonic deformations representing transverse oscillation of the black hole were constructed 
in 16j at the linearized level. Here however we shall go beyond the linearized approximation 



and construct the fully backreacted solution. 



2.1 Bosonic deformations representing transverse oscillation of the 
BMPV black hole 



In this section we shall follow 



25 



26 



27 



28 



29| to construct deformations describing left- 



moving transverse oscillations of the black hole. Even though these deformations will turn 
out to be singular at the future horizon [17], [l8 | and hence will not be counted among the 
hair degrees of freedom, we shall go through it carefully as similar deformations of the four 
dimensional solution will turn out to be non-singular and hence will correspond to hair degrees 
of freedom. 

Given a space-time with metric Gmn satisfying the supergravity equations and a null, 
killing and hypersurface orthogonal vector field ku-, satisfying the following properties 

1 



k M k 



M 



0, k M , N + k 



N;M 



0, k 



M\N 



'-(k M A ;N - k N A, 



Mj 



(2.14) 



for some scalar function A, one can construct a new exact solution of the equations of motion 
by defining 25] 



MN 



Gmn + e Tk M k N 



where the function T satisfies 



V 2 T = 



k M d M T 



0. 



(2.15) 



(2.16) 



The new metric G' MN describes a gravitational wave on the background of the original metric 
provided the matter fields, if any, satisfy some conditions. We take (-§-) as our null killing 
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vector. Since G uu = 0, it is obviously null and since the metric coefficients do not depend on u, it 
is also killing. For our case, only non-zero component of killing one-form is k v = G uv = ip~ l and 



the hypersurface-orthogonality condition (t 
e~ A = ip. Applying the transform we get 



re last equation in ( 12.141) ) is satisfied by choosing 



26 



27, 



ds 2 = ip 1 (r) {dudv + — 1 + T(v,w))dv 2 + Xi( r )dvdwi} + 'ip^dwidwi (2-17) 

where T(v,w) satisfies the flat four dimensional Laplace equation: 

d w id wi T(v,w) = 0. (2.18) 

It also follows from the analysis of 25|] that we do not need to modify the dilaton and the 2- 
form fields. A simple way to see this is as follows. For any component of a covariant tensor, we 
define the weight of that component as the number of v indices minus the number of u indices 
carried by the tensor. For a component of the contravariant tensor we define the weight to be 
the number of u indices minus the number of v indices. Then any tensor can be decomposed as 
a sum of tensors of fixed weights and in the contraction of covariant and contravariant indices 
the weight is preserved. Now by examining the background (12.61) we see that each term in the 
solution has weight zero or positive. On the other hand the term proportional to T(v, w) in 
(12.171) has weight 2. Furthermore the original background as well as the deformation generated 
by T(v, w) are u independent; hence we cannot reduce the weight by taking u derivative of the 
background. Thus the term proportional to T(v, w) can only produce terms in the equation of 
motion of weight two or more. In other words it can only generate terms for which the number 
of covariant v indices is larger then the number of covariant u indices by at least 2. This is 
impossible for the dilaton equation of motion which carries no index. The equation of motion 
for the 2-form field has two indices, but it is anti-symmetric in these two indices. Thus it is 
impossible to have more than one covariant v index. The only equation of motion that can be 
affected by the T(v , w) dv 2 term is the vv component of the metric equation, leading to (12.181) . 

We can write down the general solution to (12.181) as an expansion in spherical harmonics 
on S 3 , but after requiring regularity at the origin and at infinity and dropping terms which 
can be removed by coordinate transformation, we can choose 

T(v,w) =f(v)-w, [ R °f t (v)dv = 0, (2.19) 



for some arbitrary set of four functions (fi(v), • • -/4(f)) subject to the restriction given above. 
The corresponding metric 

ds 2 = ip~ l {r) dudv + < ip — 1 + f(v) ■ w > dv 2 + Xi( r )dvdwi + ip(r)dwidwi (2.20) 
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is apparently not asymptotically flat but can be made so by the following coordinate transfor- 
mations^] 



v = v' 
w = w' + F 

u = u' -2F i w' i -2F i F i + I F 2 {v")dv". 



(2.21] 



Here f(v) = 2F and dot refers to derivative with respect to v. Making this change of coordi- 
nates, the terms in metric change as follows 

dudv = du'dv' - 2F i dw' i dv' - FiF % dv' 2 - 2F { (w'i + F { ) dv' 2 
dv duii = dv' (dw'i + Fi dv') 



dwjdvjj 



dw'jdw'j + FiFi dv' 2 + 2Fi dw\ dv 



Removing the primes, we write the above metric as 



ds 2 = H 1 dudv + Hdw 2 + Ajdwjdv + Kdv 2 



(2.22) 



(2.23) 



where 



4r 



H=l + 

\w + F(v)\ 2 
Aj = H~ x Xj + 2Fj(H - H- 1 

Since A~ — *■ 0, K — > and H — > 1 as \w\ ■ 



, K = 1 - H- 1 + (H - H-^F 2 ^) + H- 1 XjFj(v) 



(2.24) 



oo, the metric is asymptotically flat. Note however 



that this change of coordinates changes the location of the horizon, and hence it is not apparent 
that the deformation lives outside the horizon. To overcome this we shall make the coordinate 
transformation that takes the form given in (12.211) for large r but which becomes identity near 
the horizon. In this case the coordinates near the horizon are the original coordinates (v, u, w) 
and the metric takes the form given in (I2.20p . Since in the new coordinate system (12. 12ft 
i J ~ 1 ( r )f( v ) ' w ~ ft 3 ^' \ the deformation vanishes as (3 — > 0. Thus the deformations generated 
by T does not affect the near horizon geometry of the black hole, and represent candidates for 
hair degrees of freedom. 



3 Note that in order that the deformations preserve the asymptotic geometry, the shifted coordinates (u',v') 



should be identified with (x =F t). Thus for example the identification under x 
(«', v') -> («' + 2nRr , v' + 2irR 5 ). 



2nRs will act as 
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To linear order in f(v) the solution given in (12.201) can be shown to be related by a coordinate 
transformation to the deformation described in 16j representing transverse motion of the 
BMPV black hole. Thus the solution (12.201) represents, physically, finite amplitude oscillations 
of the BMPV black hole in the transverse direction after taking into account the backreaction 
of the gravitational and other fields. 

Since the deformation parameters f(v) transform as a vector under the SO (4) rotation in 
the transverse space, we expect the deformations to carry angular momentum. This is visible 
explicitly in the additional term proportional to Fj appearing in the expression for A,. Since 
this modifies the coefficient of the dw^dv term in the asymptotic metric given in (12.231) . the 
deformed configuration carries additional angular momentum besides the one associated with 
the undeformed solution. 

We shall however see in appendix[C\ that even though these modes apparently vanish at the 
horizon, they in fact have curvature singularities at the future horizon. Thus they should be 
excluded from the counting of the hair modes. 

2.2 Fermionic deformations associated with the broken supersym- 
metry generators of the BMPV black hole 

Since the black hole solution breaks twelve of the sixteen space-time supersymmetries, we 
expect to have twelve fermionic zero modes living on the black hole, forming part of the black 



hole hair. It was argued in 16J that four of these lift to full left-moving fields on the two 
dimensional world volume of the black hole spanned by t and x 5 . In that case we should be 
able to construct solutions to the equations of motion of the fermion fields labelled by four 
independent functions of v. We shall now explicitly construct these solutions in the undeformed 
background (12. 6ft and then argue that the solutions remain unaffected by the deformation 



described in ( 12.171) . We shall follow the notation of 241 ]. 

The linearized equation of motion of and x ar m the background where all the scalars 
are constants and x ar are se t to zero are 

T MNP D N V% - H kMNP T N f k a ^ P = 0, 

H sMNP T MN ^ a P = 0, (2.25) 

where 

Dm^p = d M ^ P - rf fP n + \ < B ? AB n , (2.26) 
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rjvp = g G MR (OnGpr + OpGnr — dpGNp), u A P = —G NP e B du^p + e N e p B G PQ Tq M . 

(2.27) 

Since in our background is self-dual, we have H sMNP = and hence the second set of 
equations in (12.251) is automatically satisfied. The first set of equations involves only the self- 
dual part of the 3-form denoted by H k MNP for 1 < k < 5. In (12T25]) T M, s (0 < M < 5) denote 
8x8 50(5, 1) gamma matrices written in the coordinate basis and P denote the 4x4 50(5) 
gamma matrices, satisfying 

{T M ,T N } = 2G MN , {f k ,f 1 } = 2 5 kl , (2.28) 

and r 1 " k is the totally anti-symmetric product of r Ml ,---r Mfc . It will also be useful to 
introduce the gamma matrices T A carrying S0(5,l) tangent space indices: 

f A = e A T M , {f A J B } = 2r 1 AB . (2.29) 

In this convention the fields and x ar satisfiy chirality projection conditions 

(^ \detg\-^e MNP ^ RS r MNPQ ^ + l^^ M = - (f 012345 + 1) = , 



(2.30) 



Qj I det g\^ 2 e^ RS T MNPQRS - l) X ar = • (2.31) 

Note that the tangent space indices are raised and lowered by the flat metric tjab- It follows 
from ([2ZEUD that 

f + r 1 = r w . (2.32) 

To solve f)2.25p . we make the following ansatz for the gravitino fields: 

#m = for M^v, (2.33) 
and furthermore that is ^-independent. We also impose a gauge condition on 

r M ^ f = o -> v-vq = °- ( 2 - 34 ) 

Using (12.321) this may be expressed as 

(f° + f 1 )^ = -> r°f x = (2.35) 

Since the only non- vanishing component of the gravitino is we see that in the convention 
described below (12. 18[) the fermionic deformation has weight 1. Note that we do not assign 
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any weight to the S0(5,l) or S0(5) spinor indices. Consider now a term in the equation of 
motion that is linear in the gravitino field. Since the fields in the original background are all 
of weight > 0, multiplying the gravitino by these fields cannot reduce the weight. Furthermore 
since \&° as well as all other background fields is u independent, we cannot reduce the weight 
by acting with a u derivative on the gravitino. Finally we also cannot reduce the weight by 
acting with a T v on the gravitino due to eq. (EMU El Thus we conclude that any term in the 
equation of motion that involves at least one power of the gravitino must be of weight > 1. 
This in turn shows that the only non-trivial component of the equation of motion (I2.25j) is the 
one associated with the choice M = u. For this choice (I2.25f) takes the form: 

T uiv [di + ^ uf B f AB ^j ° - H kuiv Ti f h a(3 ^ v = . (2.36) 

The above analysis also tells us that in computing the right hand side of (12.361) we only need to 
keep terms in the background fields of weight zero. Thus we can ignore the terms proportional 
to dv 2 and dvdw 1 in the metric and the term proportional to J in . This allows us to choose 
the vielbeins to be of the form: 

e° = -n{dv — ip^du), e 1 = -(dv + ip~ l du), 



e 2 



^ 1/2 r 1/2 (rfx 4 + cos 9d<t>), e 3 = ^ 1/2 r - 1/2 dr, 



e 4 



ij 1/2 r 1/2 d9, e 5 = V 1/2 r 1/2 sin 9 d$ . (2.37) 
The associated non- vanishing components of the spin connection are given by 

01 1 $ 23 1 N)' 45 1 23 1 N)' n 24 1 • n 

=~2^> w *=2-0-' ^ 4= 2' ^ = 2^T COS ^ ^=-2 S1 ^' 
^ = -^^sinfl, ^ 5 = -icos^, uf = \ ^ = -\^. (2.38) 

The same argument implies that terms quadratic and higher powers in the gravitino fields, 
being of weight two or more, cannot affect the gravitino field equations. The only equation it 
could possibly affect is the vv component of the metric equation, but the projection condition 
(12.351) rules this out since it makes it impossible to construct gravitino bilinears without any 
spinor index unless one uses insertion of a T u that increases the weight further. Thus a solution 
to (12.361) will give an exact solution to the equations of motion. 



7 If there are a set of other gamma matrices between the T v and the gravitino, we can still bring T v next to 
the gravitino using eq. (|2.28j) . and none of the extra terms generated in this process can reduce the weight. 
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Eg. (12.361) can be manipulated as follows. First of all the T mv factor may be expressed as 
a sum of six terms with each term containing a different arrangement of P, P and P. The 
terms where P is to the extreme right vanish due to (12.341) . In the other terms we can bring 
P to the extreme right using (12.281) and then use (12.341) again. This allows us to reduce the 
r™ factor to a single gamma matrix and leads to the equation: 

P G uv (di + i uf B f AB ^j ^ - P G uv G vu E k mu f k a ^ v = . (2.39) 

Now dropping an overall G uv factor, using ( 12. 2\\ and the fact that is self-dual, we get 

P U + \ uf B P 4 ^ *S + ^ G vu F® PF ^ = . (2.40) 

These equations are written in a covariant form in the transverse coordinates. Thus the sum 
over i can be taken either over the coordinates (w , ■ ■ ■ w 4 ) or over the coordinates (r, x 4 , 9, 4>). 
We shall use the (r, x 4 ,9,4>) coordinates. Using eqs. (12.301) . (12.351) we arrive at the following 
equation: 

r l/2 r 1/2 T 3 (d r + % + - - ~ + (r^" 172 ^)" 1 ? 5 ^ 

\ ip r 2 %p J 

+ (r<iP)- l ' 2 (f 2 - cot 9 f 5 ) d x ^ v + {r^)- 1 ' 2 Y 4 (d e + ~ cot d^J V v = . (2.41) 

In looking for solutions to these equations we use the fact that the gravitino deformation 
we are looking for carries no x 4 momentum and carries ±1/2 units of momentum 16J. Thus 
we can require 

aA = o, a^„ = im*„, m = ± \- ( 2 - 42 ) 
Substituting this into fl2H]) we get 

rW (V + f + i-i|>)*„ 

+i m (r^)~ 1/2 (sin e)~ l Y 5 # w + (r^)- 1/2 f 4 (d 6 + ~ cot 0j ^ v = . (2.43) 
We shall now rewrite this equation as 



rW ( ar+ !-i|>)*„ 



+(r^)- 1 / 2 r 4 



i m (sin 0) _1 f 4 f 5 + f 4 f 3 + ( d e + - cot 9 
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= . (2.44) 



We shall now find solutions to this equation by separately setting to zero the terms in the two 
lines. For this we use the following representation.!! of T 3 , T 4 and T 5 : 



* = <t\ r 



5 Ji r 



3 - a 3 . 



Setting the second line of (I2.44p to zero then gives 



de + - cot 9 — m (sin 9) a 



- 1 - 3 ia 2 



*„ = 0. 



(2.45) 



v 2 -46) 



This has the following non-singular solutions: 

oc e i0/2 



cos(0/2) \ , 1 
-sm(0/2) J 2 

^ -i^/ 2 / sin(0/2) \ _ 1 

' ' 1 cos(fl/2) J 2 



(2.47) 



where the 'constants' of proportionality could involve arbitrary functions of r and v. Note that 
we have included in (I2.47[) the dependence of \EV On the other hand the equation obtained 
by setting to zero the first line of (12.441) gives 



d r + — ~ 



%j) 2 ip 



^, = 



:2.48) 



Now since (r 1 ) 2 = 1, T 1 has eigenvalues ±1. Thus we can try to solve this equation separately 
in the sector with T 1 eigenvalue 1 and T 1 eigenvalue —1. The solutions are 



i/j 3//2 r](v , 9, 0) for T 1 1] = —T] 



where r)(v,9,(f)) is an SO(5,l) spinor and also an 5*0(5) spinor. The (0,0) dependence of 
r](v, 9, 0) was computed in (12.471) and the v dependence is arbitrary except for the periodicity 
requirement imposed by the period of the coordinate x 5 . Both these solutions vanish as we 
approach the horizon although the first solution vanishes more rapidly. Thus at this stage 
both would appear to be acceptable solutions. However we shall see in §H that only the first 
solution preserves supersymmetry and hence only these deformations will contribute to the 



8 If we want to append T 2 to this list we can take the direct product of the matrices given in (|2.45j) with 03 
and represent T 2 as I2 X 01. This construction can be easily extended to include T° and T 1 as well but will not 
affect the analysis following (|2.45|) . 
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index. Furthermore we shall see in appendix [C] that the second solution is singular at the 
future horizon and hence should not be counted as a true hair degree of freedom. Thus 
satisfies 

r 1 * t> = -*„, (2.50) 
and the deformations associated with the gravitino field take the form: 

= V" 3/2 (r) ti{v, e, 0), (f + f 1 ) v ( v , e, 0) = o , f yv, e, <p) = - v (v, e, 0) . (2.51) 

Note that since ip — > 1 as r — > oo, the solution is r independent at infinity and hence is not 
normalizable. This however can be rectified by making a local supersymmetry transformation 
with a parameter that approaches — J dv'r)(v', 9, 0) as r — > oo and which vanishes sufficiently 
fast as we approach the horizon. This sets the r independent part of the gravitino to zero at 
infinity but does not affect the mode near the horizon. 

Let us now count the number of independent functions characterizing this deformation. To 
begin with ty v is an 8 x 4 = 32 dimensional complex spinor. But since \fr v is a chiral spinor of 
5*0(5, 1) only 16 of the 32 components are independent. The two additional conditions listed in 
(12.351) . (I2.50p cut down the number of independent complex components to 4. Finally we need 
to recall that the gravitino field satisfies a symplectic Majorana condition 2^, 23, 24]. This 
gives altogether four independent real functions of v labelling the deformation, as expected. 
It follows from (12.471) that half of these deformations carry 1/2 unit of <fi momentum and the 
other half carries —1/2 unit of <j) momentum. 

Finally note that if we switch on the deformation (12.171) then the extra terms containing 
at least one power of T(v,w) and one power of will be of weight 3 and higher since the 
deformation associated with T(v, w) is of weight 2. However the gravitino equation (12.251) does 
not have any weight 3 component. Thus we conclude that the extra terms proportional to 
(12.171) cannot affect the solution for the gravitino. 

3 Four Dimensional Black Hole Hair 

We shall now consider the case of four dimensional black hole obtained by placing the five 
dimensional black hole at the center of the Taub-NUT space. For this we introduce the Taub- 
NUT metric 

ds 2 TN =(J^ + ^ (dx A + cos 6d<f)) 2 + ( A + 1^ (dr 2 + r 2 dd 2 + r 2 sin 2 9 d<f) 2 ) , (3.1) 
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and replace the metric dw % dw % in (12.61) by this Taub-NUT metric. The full solution is given 
bf 



ds 2 



c 

e 3 



ij) (r) dudv + (ip(r) — 1) dv 2 — 2( dv +ip(r)ds 
~ pdx f\ dx f\ dx 



2 

TN ) 



^0 

A 



1 r \-\^ 5 



(e 3 + *ees) + — 1 + — (dx b + dt) A d( 
r \ r 



r 

J/1 _4_ 



(fix 4 + cos 



sin 9 dx 4 A d9 A d(p , u = x 5 - t, v = x 5 + t . 



(3.2) 



It will be convenient to also introduce the coordinates 



y 1 = r sin 9 cos « 



y 2 = r sin 9 sin - 



y 3 = r cos 9 . 



(3.3) 



For r >> i?4 the asymptotic space-time locally has the form of K3 x S 1 x S 1 x ft 3 ' 1 , with x 4 
labelling the coordinate along the circle S 1 and (y 1 , 2/ 2 , 2/ 3 ) labelling the space-like directions 
of ft 3 ' 1 . S 1 is non-trivially fibered over the boundary S 2 of ft 3 reflecting that the space is 
actually Taub-NUT. Even in this modified background the field strength is self-dual, and 
hence all the anti-self-dual field strengths if| /7VP 's continue to vanish 

We can take the near horizon limit of (I3.2p using the same coordinates introduced in fl 2 . 1 2 [) 
and taking the f3 — > limit. It is easy to see that in this limit the solution (13.21) reduces to 
(12.131) . Thus (12. 6p and (13. 2p have the same near horizon geometry^, [l6]. We also show in 
appendix [C] that these solutions are non-singular at the future horizon. 



9 For i?| < J 2 the projection of this metric in the x — x 5 plane develops a negative eigenvalue, giving rise 
to closed time-like curves. We shall take Rf > J 2 to avoid this situation. 

10 Note that the asymptotic metric has a dx 4 dt component. This can be removed by a shift of the x 4 
coordinate proportional to t followed by a rescaling of t. 
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3.1 Bosonic deformations representing transverse oscillation of the 
black hole 



We can generate deformations describing the oscillation of the black hole in the three transverse 
non-compact direction as in §2.11 In particular we deform the metric to 

ds 2 = il)-\r) \du dv + ( ip{r) - 1 + f(v, y, x A ) ) dv 2 - 2(dv] + i/j(r) ds 2 TN . (3.4) 



Again the argument below (12 . 18[) tells us that without any modification of the scalar and the 
3-form fields, H3.4[) is guaranteed to be a solution to the equations of motion if T(v,y,x 4 ) 
is harmonic in the Taub-NUT space. Now one can verify that acting on an x 4 independent 
configuration the Laplacian in the Taub-NUT space is proportional to V 2 i.e. the laplacian in 
flat three dimensional space labelled by the Cartesian coordinates (y 1 , y 2 , y 3 ). 

T(v,y,x 4 ) =T(v,y) = g(v) ■ y, / gi(v)dv = , (3.5) 



o 



where {gi(v) , g2{v) , gs(v)) are three arbitrary functions subject to the restriction described 
above. These generate deformations representing transverse oscillation of the black hole with 
finite amplitude. Again one can show that even though the corresponding metric is not asymp- 
totically flat, one can make a coordinate transformation 

v = v', y = y' + F, u = u '-*F iy «- -J^ F % + A f p^v") F^dv", 

K 4 rt 4 xt 4 J 

^(v) = 9i (v) , (3.6) 

to bring it to the asymptotically flat form. Furthermore to linear order in g(v) these defor- 
mations reduce to those given in [3] after a coordinate transformation. Finally to check that 
the deformations represent hair modes we note that in the coordinate system (12.121) they scale 
as (3 2 and hence vanish as (3 — ► 0. We also show in appendix [C] that unlike the deformations 
described in §2.11 these solutions are non-singular at the future horizon. The main difference 
between the deformations described in §2.11 and those described here is due to the fact that 
the former were proportional to / • w which vanish as \fv as r — > 0, whereas the latter, being 
proportional to g • y, vanish as r as r — >• 0. 
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3.2 Bosonic deformation representing the oscillation of the 2-form 
fields 



Taub-NUT space has a self-dual harmonic form utn given by 

r R 2 

^tn = ^7 sin 8d6 A d<b + 4 . - dr A (dx A + cos 6^0) . (3.7) 

4r + Rl (Ar + Rl) 2 v ' K ' 

Now as was discussed at the beginning of $2], in type IIB string theory on K3 we have 21 



2-form fields with anti-self-dual field strengt 



now switch on a deformation of the form 16] 



i, collectively denoted as H S MNP (1 < s < 21). We 



S(ds 2 ) =^-\r) (T(v,y) + S(v,y } x i )^dv 2 } 5H S = h s {y) dv A u TN , (3.8) 

where h s (v) are arbitrary functions, T(v,y) is given in fl 3 . 5 j) . and S is quadratic in h s and 
will be determined below. We can verify, first of all, that the deformations 5H S given in (13. 8p 
are closed and satisfy the requirement of anti-self-duality even in the presence of the metric 
deformation parametrized by T + S. Now it was shown in 16] that to linearized order the 
deformation (I3.8P satisfy the equations of motion without any need to modify the background 
metric or the scalars due to the relation 

fS ] p Q SK PQ = , (3.9) 

so that the cross terms between the background 3-form field and the deformations do not 
produce a source for the metric and scalars. Thus we only need to analyze the contribution to 
the equations of motion from higher order terms. It follows from the arguments below (I2.18P 
and that fact that under (I2.18P the deformations 5H S and 5(ds 2 ) have weights one and two 
respectively that the only non-trivial equation that we need to check at quadratic and higher 
order in the deformation is the vv component of the metric equation. Furthermore the equation 
should involve at most linear terms in T and S without any power of h s or two powers of h s 
without any factor of T or S. Expressing the metric equation as Rmn oc Tmn and the fact that 
the contribution to T MN from the H s fields is proportional to H^pgH^^ at the quadratic 
order, we geJ^l 

VlS{v,y,x 4 ) =C{v)Rj{4r + Rl)- 4 , C(v) = 8 h s {v) h s {v) , (3.10) 



n It is a little easier to use the metric equation of the form i?" oc In this case SR" = ip 1 V\{T + S) 
ip-^^S and 5T£ oc (4r + i?l)~ 4 , leading to lEUO) . 
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where denotes the Laplacian in the Taub-NUT space. In arriving at (I3.10p we have used the 
fact that V\T(v, y) = 0. Since any solution to the source free equation can be absorbed into T 
we only need to look for a particular solution. The following solution describes a normalizable 
deformation of the metric living outside the horizon: 

s w ) = mtr+i® (3 ' n) 

The S(v) given in (13. lip does not vanish at infinity but this can be easily repaired by an 
appropriate reparametrization which takes the form u — ► u — J v C(v')dv' as r — > oo and 
it — > 11 as t — > 0. Finally to check that these deformations represent hair modes we note that 
in the coordinate system (I2.12p . 5H S given in (13. 8p scales as (3 and hence vanishes as (3 — > 0. 

This shows that we have a family of finite deformations, labelled by the 24 functions 
(g(v), {h s (v )}), of the original four dimensional black hole solution. Furthermore these defor- 
mations are supported outside the horizon and do not affect the horizon geometry. We also 
show in appendix [C] that these solutions are non-singular at the future horizon. 

3.3 Fermionic deformations 

Construction of the left-moving fermionic deformations proceeds in the same way as in §2.21 
The analysis up to (I2.40p is more or less identical except that we now have different expressions 
for the simplified form of vielbeins and the spin connections after dropping terms of weight 
> 0. Thus equations (I2.37p . (12.381) get replaced by: 



e 



o 



-(dv — 1 du), e 1 = -(dv + ip 1 du), 



2 V r " 2 
e 2 = z/^V^V 172 ^ 4 + cos0#), e 3 = ^r^Y^dr, 

e 4 = ^ 2 r^ 2 x 1/2 de, e 5 = ^V 1 / 2 X 1/2 sin 9 dcf> , (3.12) 

4r 



X=[l + -^), (3-13) 



i? 4 

W J 4 = ~X- 1 Bin(SI I < = -i^sm0, ^ = -i(2- X - 2 )cos£, 
2 2 
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Substituting these into the gravitino equation and assuming that these modes have no x 4 
dependence we get the following form. 



f f3 

WX 
vripx 



d T + — - ^-r 1 + — + 4- + 



d e + 



cos 



2 sin^ 



+ , T b d^ v = . (3.15) 

yripx sin # 



Using the fact that 



y' 1 1 

4% 4r x 4r 

we can see that the R4 dependence drops out and hence eq. fl3.15l) is identical to the corre- 
sponding equations for the BMPV black hole in flat transverse space. The gravitino modes are 
therefore unaffected by the Taub-NUT space! Finally, as in the case of BMPV black holes in 
flat space, the gravitino zero modes in this case are also non-singular at the future horizon. 

When we switch on the deformations described in §3.21 H sMNP no longer vanish and we 
need to examine the second equation of (12.251) . However since the deformation given in (13. 8j) 
has weight > 1, it can only contribute to equations with weight > 1. The right hand side of 
the second equations in (12.251) however has weight 0. Thus we conclude that this equation is 
not affected by the deformations given in (13.81) . 

3.4 Bosonic deformation representing relative oscillation between 
the BMPV black hole and KK monopole 



It was argued in [16( that the BMPV black hole in Taub-NUT space contains another set of 
hair degrees of freedom which represent the left-moving oscillations of the BMPV black hole 
relative to the Taub-NUT background. In the limit when the Taub-NUT radius goes to infinity 
these modes coincide with the transverse left-moving oscillation modes of the BMPV black hole 
in flat space-time, constructed in §2.11 Also since near the origin the Taub-NUT metric looks 
like flat metric, we expect that near the horizon these modes will have the same behaviour as 
the transverse oscillation modes of the BMPV black hole in flat space-time. 

We have not tried to construct these modes explicitly for finite R4 since, as these modes 
have identical near horizon behaviour as those of §2.11 they will have a curvature singularity 
at the future horizon. Thus we shall not count these modes among the hair degrees of freedom 
of the BMPV black hole in Taub-NUT space. 
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4 Supersymmetry of the Deformed Configuration 



In order to study the supersymmetry of the deformed background we need to examine the 
equations which set to zero the supersymmetry variation of all the fields. Since we shall always 
be working in a background where scalar fields are constants and the spin 1/2 fields x ar are 
zero, we shall write down the equations in this background. The equations obtained by setting 
to zero the supersymmetry variation of the metric, the gravitino, the 3-form field strength 



Hl INP and the spin 1/2 field \ ar take the form [22, |23|, |24j: 



VABeT A ^ M e^ + r] AB e^ eT B <S> N = 0, 
Due - -S l MNP T NP Pe = , 

d [P (eTMPf^,) =0, 

T MNP H° MNP e = 0, (4.1) 
where e is the supersymmetry transformation parameter satisfying 

(f 012345 + l)e = 0, e = e T Ctt, (4.2) 
C and Q being the £0(5, 1) and SO (5) charge conjugation matrices satisfying 

(cv A ) T = -cv A } (nr i ) T = -nr, n T = -n. (4.3) 

The equations obtained by setting to zero the variations of the fields strengths H S MNP and the 
scalar fields are automatically satisfied in this restricted class of backgrounds. Note that we 
have suppressed the SO (5,1) and SO (5) spinor indices in eqs.f l4.ll) . 

Now suppose e(o) is a Killing spinor of the original background which could be either the 
BMPV black hole in flat transverse space or BMPV black hole in Taub-NUT space. The 
explicit form of em) has been given in appendix [A] but we only need to use the fact that it 
satisfies the projection conditions 

(f° + f 1 )e (0) = -> re (0) = 0, (4.4) 

and 

1%) = 6 ( o) • (4.5) 

Since e(o) does not have any space-time index we can assign to it weight zero in the conven- 
tion described below ( 12.181) . Furthermore due to (14.41) we cannot reduce the weight of any 



23 



expression containing e(o) by acting on it by r w . We shall now see that this guarantees that 
£(o) automatically satisfies ( 14. II) even in the presence of the deformations. 

We begin with the metric deformations. Since these deformation are proportional to dv 2 , 
they carry weight 2. Thus any term involving these deformations will generate terms of weight 
> 2. Examining (14. ip we see that the only term that carries weight > 2 is the weight 2 
term obtained by choosing M = N = v in the first equation. But this is linear in gravitino 
deformation ty v which already carries weight 1. Since a term linear in ty v and also in 5G VV has 
weight 3, we see that SG VV cannot affect the first equation of (14. ip . Thus we conclude that the 
metric deformations considered here are invariant under 6(o). 

Next we turn to the deformations involving three form field strengths H r MNP as described 
in §3.21 The only equation in (14. ip which involves H r MNP is the last equation. However from 
(13.81) we see that H r MNP Y MNP is proportional to T v and hence the last term in (14. ip vanishes 
identically due to (I4.4p . On the other hand the arguement given in the previous paragraph 
shows that the induced metric (13. lip does not affect the Killing spinor equation. Thus these 
deformations also do not destroy the supersymmetry of the background. 

Finally we turn to the fermionic deformations involving ty v . Since this has weight 1, it can 
only affect terms in the equation with weight > 1. The relevant equations are the first and 
third equation of (14.11) . In the first equation we can choose MN to be either vv or vw l , and in 
the third equation we need to choose PMN to be w l w^v. Now the first equation involves terms 
of the form e^ )T A ^ v . Since e( ) and ty v satisfy opposite T 1 projection (see eqs. (12.501) and (14.51) ) 
these terms vanish. Thus we only need to examine the left hand side of the third equation. It 
follows from 07301) . (T2T35D and (l4~2l . (144]) that e (0 ) and ^ v satisfiy the same SO (A) projection 
rules: 

r 2345 vl>. = 9 V , f 2345 e (0) = e (0) . (4.6) 

As a result e^TT^,, vanishes for i — 2,3, 4, 5. This in turn shows that the left hand side of 
the third term also vanishes. 



5 Partition Function After Hair Removal 

In this section we shall briefly analyze the partition functions of the five and the four dimen- 
sional black hole entropy after hair removal. The analysis will be similar to that in [3] except 
that we shall now take into account the fact that the plane waves describing the transverse os- 
cillation of the BMPV black hole have curvature singularities at the future horizon and hence 
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should not be counted as part of the hair degrees of freedom. Also for simplicity we shall 
ignore the contribution to the degeneracies from small black hole core dressed by hair, - a 
detailed discussion on this can be found in [la ]. The net effect of this is to remove from the 
final partition functions (15.31) . (15.61) the contribution from the half-BPS states. Even at the 
intermediate stages of the analysis these contributions are exponentially suppressed compared 
to the leading contribution. 

We consider the case where there is a single D5-brane, and introduce the variables (p, a, v) 
as conjugates to the Dl-brane charge along S 1 , momentum along S 1 and the momentum 
along x 4 . The index is related to the partition function Z by Fourier transform@ Then the 
microscopic partition function of the five dimensional system is computed by multiplying the 
partition function associated with the oscillations of the Dl-branes relative to the D5-brane ^] 
and the center of mass oscillation of the combined system. The result is 

Z 5D {p,a,v) = e ~ 2mp - 2 ™ J] (1 - e ^k+ P i+ vj )y^-f) 
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fe>l,i>0 

x< I 1(1 -f-"^" 1 "'] -M_e-^" "[L- e 2 ™ lp ) A \ (-1) (e™ - e~™^ 



I 1>1 



(5.1) 



The hair of the five dimensional black hole contains a set of 12 gravitino zero modes. Their 
quantum numbers can be easily read out from the quantum numbers associated with the 
broken supersymmetries. Four of these zero modes do not carry any x 4 momentum (which 
in five dimensions is a particular component of the angular momentum) - they are used in 



soaking up the fermion zero modes in the computation of the helicity trace 16( . The rest 
carry x 4 momentum ±1/2 and gives a contribution to the partition function of the form 
i^ e mv _ e- 71 "™) 4 !^]. Finally there are 4 left-moving gravitino modes carrying no x 4 momentum 
as described in §2.21 They give a contribution of \\ 1>X (1 — e 2ndp ) 4 . Combining these two 
contributions we get 

Z^ ir (p, a, v) = (e™ - e-™ f JJ (1 - e 2nilp ) 4 . (5.2) 

i>i 



12 For a precise definition of what index and partition function we are computing see ref.[16J. 

13 The terms in the expansion whose p dependence is of the form e~ 27rip represent contribution from half BPS 
states. We can remove this contribution by an appropriate subtraction as was done in [l6j |. but for simplicity 
we shall ignore this complication. 
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Hence the partition function associated with the horizon is given by 
Z^(p,a,v) = Z 5D /Z^ r 



^—2nip—2irio- /^iv ^- 7riu\ — 2 | | ( -j p 2ni(ak+pl+vj) \ c (4'k j 2 ) 



J _ e 2iri(l P +v)y2 ^ 



fe>l,i>0 



e 2 "(^))- 2 }> . (5.3) 



Let us now repeat the analysis for the BMPV black hole in transverse Taub-NUT space. 



3,0,0, HQ 



The microscopic partition function is given by 

fc,i>0j'<0 /orfc = (=0 

In this case the hair modes include 12 fermion zero modes all of which are used in saturat- 
ing the helicity factors inserted into the helicity trace. Besides these there are 21 left-moving 
bosonic modes associated with the 2-form deformations and 3 left-moving bosonic modes as- 
sociated with the transverse oscillation of the black hole, all of which are neutral under the x 
translation. Finally there are four left-moving gravitini modes, also neutral under x 4 . These 
four fermionic modes cancel the contribution from four of the bosonic modes and we are left 
with the contribution: 

oo 

Z^ r (p,a } v) = l[(l-e 2 ^)- 20 . (5.5) 



i=i 



Thus we get 



— _ e -2mp~2ma ^kiv _ g — J~J (l — e' 



2ixip~2-K%a ( p iriv p — Triv^—2 | | ( ~\ p 2ni(ak+pl+v j) j c (4£fc j ) 



I JJ(l- e 2 ^+«))- 2 (l 
I i>i 



fc,i,je5Z 

fe>l,I>0 



e 2m(lp-v)y2 I ^ (5 ^ 



where is the last step we have used c(— 1) = 2, c(0) = 20. Comparing (15.61) with (15.31) we see 
that 

Z&(p,a,v) = Z%(p,a,v). (5.7) 
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A Killing Spinors 

The Killing spinor equation in the BMPV black hole and BMPV black hole in the Taub-NUT 
space, obtained by setting S^% f = 0, is 

D u e-±H i MNP r NP T i e = i (A.l) 

where H l MNP for 1 < i < 5 are self-dual field strengths of 2-form fields in six dimensions. The 
equations obtained by setting 5x ar = involve anti-self-dual components of the 3-form field 
strength and are automatically satisfied in this background. The three form field strength 
appearing in the BMPV black hole in the flat transverse space and BMPV in the Taub-NUT 
space is expressed in terms of H l as 

Fmnp = 2 A 1 H\ INP . (A. 2) 

As described below f)2.18p . we can decompose the background field configuration as sum of 
different components carrying different weights. The weight of any term appearing in the left 
hand side of the Killing spinor equation is greater than or equal to the sum of the weights of 
the various field components which enter that term. This is due to the fact that the only way 
to reduce the weight of a given combination of fields is to contract one of the covariant v index 
with a T v but we prevent this from happening by demanding that 

T v e = -> f°f 1 e = e. (A.3) 

Now since the v component of the Killing spinor equation has weight 1, the u component has 
weight —1 and the other components have weight zero we conclude that for M = v the left 
hand side of eq. (1A.lj) can receive contribution only from terms of weight zero or one in the 



field configuration, for M = u the equation must be identically satisfied and for M ^ u,v only 
terms of weight can contribute. In particular since terms in which are independent of J 
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are of weight zero and the J dependent terms have weight one, we see that J dependent pieces 
do not contribute to the Killing spinor equation for M 7^ v. However J dependent terms could 
potentially contribute to the v component of the Killing spinor equation. 

Let us first look at the v component of the Killing spinor equation. Requiring the Killing 
spinor to be v independent we find that for the BMPV black hole in flat transverse space this 
equation takes the form 



'''' l -d w ^- l x 3 T° - ^r^f 1 + iflUV rl x*)r y r 1 



_8</> 2 8 W KT ^ JJ 8^ 
This can be satisfied by choosing 



0. (A.4) 



r 1 e = e. (A.5) 

For BMPV black hole in Taub-NUT space Xi i n eq. (jA.4D is replaced by —2Q, but (1A.5|) still 
provides a solution to this equation. 

Next we examine the r, 9, <fi and x 4 components of the Killing spinor equation. Using (1A.5j) 
and the spin connection components given in fl 2 . 3 8 1) and (13.141) for the BMPV black hole in 
the flat space and the BMPV black hole in TN space respectively, we get the following form 
of these equations for both black holes: 

* + £)< = <>, (A.6) 

2 



de-lr u )e = 0, (A.7) 



d x 4€ = 0, (A.8) 
<9 -^sin#f 35 -^cos#f 45 )e = 0. (A.9) 

Using the gamma matrix representations given in (I2.45P we find the following solutions: 

^-m-v- (-w;)), £ ^ (rr v^ . (A , 0) 

To count the number of independent Killing spinors we note that to begin with e is an 8 x 4 = 32 
dimensional complex spinor. The chirality projection condition (14. 2p and the two dynamical 
constraints given in flA.3j) . flA.5j) reduce this number to 4 complex parameters. Finally a reality 
condition (symplectic Majorana) reduces the number to 4 real parameters. 

Note that the Killing spinor ( 1A.10I) is independent of whether we consider BMPV black 
hole on flat transverse space or Taub-NUT space. This behaviour can be explained using 
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the following reasons. The Taub-NUT space has SU(2) holonomy, which by convention is 
identified with SU(2)l subgroup of its 5*0(4) tangent space symmetry. Fermions in the Taub- 
NUT space transform as (2,1) + (1,2) under 50(4) = SU(2) L x SU(2) R . Thus half of the 
fermions are neutral under SU(2)l and hence behave as free fermions as far as the Taub-NUT 
space is concerned. In our six dimensional space, the 50(1, 1) chirality is correlated with 
the 50(4) chirality in the following manner: SU(2)i singlets are left moving with respect to 
50(1, 1) and SU(2)r singlets are right moving. Since Killing spinors corresponds to unbroken 
supersymmetry, which in our convention are left moving spinors of 50(1, 1), they are singlet 
of the Taub-NUT holonomy group 577(2) l- As a result the Killing spinors are unaffected when 
we replace flat space by the Taub-NUT space. 

B Black Hole Metric in Non-singular Coordinate Sys- 
tem 



In this appendix, following 19|, |20| we write the black hole metric in coordinates in which it 
is regular and analytic at the future horizon. This coordinate system will then be used in 
appendix [C] to analyse regularity of the modes at the location of the horizon. For simplicity 
we will be working with J = solution. Later we shall briefly discuss the extension to the 
J 7^ case. 

The original metric given in (12.61) may be expressed as 
ds 2 = ^(dudv+Kdv^+ip [r~ x dr 2 + 4rdfi§) , d£l\ = - ((dx 4 + cos9d4>) 2 + dd 2 + sin 2 9d4> 2 ) , 



where, 



(B.l) 



ib = l + —, K = ib-1. (B.2) 
r 



Following [l9[ we will now do the following coordinate transformation: 



R = 2,/ro (l + T fj . (B.4) 
Note that the region outside the horizon has V < 0. In these new coordinates the metric 
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becomes 

" " ' "' "' ] V # 2 j """" V vw J ' W 2 Z 3 ' z 

(B.5) 

where 

Z = 1+ A^VW 2 . (B.6) 



To see that metric is regular at V = 0, we expand Z in (1B.5|) to get 



ds 2 = 4 r 



W 2 d£W + dV 2 r W 4 Z- 3 (24 + 128^VW 2 + 192r V 2 W 4 ) 
dVdWA^WZ~ 3 (3 + U^VW 2 + 16r W) + t^- 2 Z~W 2 + Z~ x d£l\ 



(B.7) 

It is now easy to see that the metric is regular at the future horizon V = 0. In fact the 
metric components are polynomials in V and therefore they are analytic functions of V. Thus 
all derivatives of the metric components, and hence the Riemann tensor, remain finite at the 
horizon for finite wV\ 

We can also write down the three form field strength in terms of new coordinates. For 
J = we get 

F (3) = ^ [sin 6 dx 4 A d9 A d<\> + 4WdW A dV A dU] . (B.8) 
A 

In the near horizon limit, is well behaved and independent of V. 

Next we now look at the behaviour of the J = black hole in the Taub-NUT space. 
The G uv component is the same as in the case of the J = black hole in flat transverse 
space. The difference comes in the components involving x 4 , 9, <ft and r coordinates. Most 
of these differences vanish near the horizon both in the original coordinate system and in the 
new coordinate system and hence do not spoil the regularity property of the metric in the 
new coordinates. The only additional term that apparently diverges at the horizon is the 
contribution 

S(ds 2 ) = ^dr 2 , (B.9) 
which in the new coordinate system becomes 



W = W (JH*!L - ™?L - . (B.10) 



14 For V -> the metric reduces to that of AdS 3 x S 3 locally [Tij. 
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Among these, only the first term is singular at the horizon. This singular contribution, however, 
can be removed by a shift in the U coordinate of the form U — > U + 4t*q R^ 2 ln(— V/ ^/tq). We 
can combine this shift with the one given in ( IB. 31) to write 



2-M 



(B.11) 



It is also easy to check that has the same form as (IB .81) and hence is non-singular at the 
horizon. 

For completeness we shall now briefly discuss the effect of switching on the parameter J in 
the original solution, labelling the angular momentum carried by the black hole. In this case 
the metric has the form: 



lis 1 = ip 1 [ dudv + Kdv 2 + — [dx 4 + cosOdcf)) dv 



dv^ 

h r { (dx 4 + cos 



+ d9 2 + sin 2 



(B.12) 



In order to introduce coordinates in which the metric at the future horizon is non-singular, we 
x A — -^v so that the cross term between dv and (dx 4 + cos 9d<fi) has a zero at 



first s 
r = 

ds 2 



t x q 



This brings the metric to the form: 




J 2 



32rgr 



J Jr 

dv 2 + ( — g ip 2 ) (dx 4 + cos 8d(j)) dv 



4r 4rQ 



+ r { (dx 4 + cos 6d(f)) 2 + d6 2 + sin 2 Odcf) 2 } 



(B.13) 



In the next step we carry out a rescaling u — > (1 — ^pr) 1 ^, v — > v/(l — ^r) 1 ^ 2 so that the 
coefficient of the dv 2 term in the metric coincides with that in the J = case as r — > 0. This 
gives0 



ds 2 



tT 1 



dudv + if 



J 2 



rip 



J 2 



32r^r 




J 2 



-i 



64rjj 



15 Note that the periodic identification x 5 = x 5 + 2-kR§ takes the form (x 4 , x 5 ) = (x 4 + x 5 + 2nR^) 



in the new coordinate system. This however does not affect our analysis. 

16 In order to be able to carry out this rescaling we need J 2 < 64tq. From (|2.8|) it follows that this is the 
condition (Qi — C^Qsn > J 2 that guarantees that the original black hole solution is supersymmetric. This is 
also the condition needed for the absence of closed time- like curves @. 
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+ 



4r 4rg 



dr 



J 2 



-1/2 



64rjj 



(dx A + cos 9d(f>) dv 



+ r{ (dx A + cos #d0) 2 + d6 2 + sin 2 #c/0 2 } 



(B.14) 



Let us denote the difference between this metric and the non-rotating black hole metric (IB.lj) 
by A (<is 2 ). We have 

-l 



A(ds 2 ) = V" 1 



, J 2 ,2 J' 



J 2 



64r* 



L -—^ 2 
4r Ari 



64rg 



dv 2 



1 - 



J 2 



-1/2 



64rjj 



(dx 4 + cos 



(if . 



Expressing this in the new coordinate system ( IB. 31) we get 

-i 



A(ds 2 



J 2 



.3/2 



1 - 



J 2 



W^V^dV 2 + n.s. 



(B.15) 



(B.16) 



where n.s. denotes terms which are non-singular as V — > 0. From the form of the J = metric 
given in (IB. 71) we see that the singular term in (IB. 161) can be removed by a shift in the U 
coordinate of the form 



U 



J 2 



J 2 



32r, 



5/2 



64rj] 



ln(-V) 



(B.17) 



This makes the metric non-singular. 

The three form field strength in this new coordinate system takes the form 



i?(3) 



1° 
A 



sinddx* A dO A deb + 4WdW A dV A dU 



»"o 



J 2 



-1/2 



64rg 



WdW AdV A (dx 4 + cos 



J 

2V 



1 



J 2 



-1/2 



64rg 



W 2 sinfldV Ad#A 



(B.18) 



The analysis for J ^ black hole in Taub-NUT proceeds along similar lines. The only 

difference is in the final step - the shift in U given in (1B.17j) is now replaced by 

-l 



U 



U 



J 2 



J 2 



ln(-V) +4r 3 /2 Rf \n(-V) 



32r, 



5/2 



64r3 



32 



16r 3 /2 R 2 I 64rg 



ln(-V). (B.19) 



C Regularity of the Deformed Solution 

In this appendix we shall check whether the deformations we have obtained by turning on 
various modes in §2] and §3] produce regular field configuration at the future horizon. Since 
for deformation of the type we are considering the possible singularities are null singularities, 
they will not show up in the invariant scalars constructed out of the field strengths and the 
Riemann tensor. Instead we need to work in a coordinate system in which the metric and the 
other background fields are continuous at the horizon, and then check whether the components 



of the Riemann tensor and other field strengths are finite in this coordinate system 18j . We 
will systematically carry out this analysis for all the modes, but not in the same order in which 
they were analyzed in the text. As in the previous appendix, we will be working with the J = 
solution for the sake of simplicity, but the generalization to J ^ case is straightforward. We 
shall however continue to refer to the J = black holes as BMPV black holes. 

We will start with the deformations described in §3.21 These are generated by the 2-form 
fields in BMPV black hole in Taub-NUT space. The deformation in the 2-form field given in 
(13.81) near the origin behaves as 

5H S ~ ~^h s dv A [-t sin 9d9d(p + dr A (dx 4 + cos 6d<f>)] ■ (C. 1) 

In the new coordinate system it takes the form 

6 RS ~ ~Sr hS dV A [~ w2 sin® d8 A d(f) + 2W dW A (dx 4 + cos 9 defy] . (C.2) 

This is clearly non-singular near the horizon V = 0. Let us now examine the metric deformation 
generated by these modes as given in eq. fl3.lll) : 

^~S(v,V)iv^r \^ Rlj iv>. (C.3) 

This term in the new coordinates becomes 

^j- 1 S(v, y) dv 2 = C{v) dV 2 = r . (C.4) 

R\ \R\{\ + Arl /2 VW 2 ) - lQr 3 /2 VW 2 j 
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This is also regular at the horizon V = 0. 

Note however that since v oc ln(— V) for small |V|, v is a rapidly varying function of V near 
the horizon. Since C(v) is an oscillatory function of v with finite period (set by the period of 
the x 5 coordinate) C(v) and hence Gyy is a rapidly varying oscillatory function of V for small 
V. This can be remedied by a shift in the U coordinate of the form: 



In this coordinate system Gyy vanishes at V = 0, but we get an additional term in the dWdV 
component proportional to 4roW 2 dwF(V, W). Since F(V,W) vanishes at V — for all W, 
this additional term vanishes at the horizon. Thus it does not alter the behaviour of the metric 
at the horizon. We note however that dyF oc W 2 C(v f ) is rapidly oscillating and as a result 
d v F diverges at the horizon. This could give a potential divergence in the Riemann tensor 
which involves two derivatives of the metric. However it can be seen using the argument below 
(12.181) that the Riemann tensor never involves d v Gy/v- The latter term is of weight 3 (we now 
replace (u, v) by (U, V) in counting weight) whereas the Riemann tensor, written in a covariant 
form can have at most two indices set equal to V and hence can at most be of weight 2. Thus 
dyGwv cannot appear in the expression for the Riemann tensor and the latter is finite at the 
horizon. 

Next we look at the gravitino modes. For definiteness we shall consider the case of BMPV 
black holes in flat transverse space, but an identical analysis can be carried out for Taub-NUT 
space. The gravitino modes in the original metric are non- vanishing only for the v components 
and these components take the form 



= i/j- 3/2 (r) V (v, 9, 0), (r° + T 1 )?^, M) = , f l V (v, 6, 0) = - V (v, 6, 0) , (C.6) 



where r)(v,9,<f)) is an SO(5,l) spinor and also an 5*0(5) spinor. The (9, (ft) dependence of 
r](v, 9, 0) was computed in §2.21 and the v dependence is arbitrary except for the periodicity 
requirement imposed by the period of the coordinate x 5 . In the new coordinate system the 
gravitino field takes the form 



This however is not the end of the story. The gravitino field configuration (1C.6I) was computed 
using the set of vielbeins (12.101) which become singular near the horizon. This can be seen by 





(C.5) 



^ y = (4r ) 5/4 W 3 (-2V) 1/2 V {v,9,<P). 



(C.7) 
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expressing them in the new coordinate system: 



+ _ o , 1 1/2 dV 
= e + e = —r ' — 



1/2 



v 



12r W 2 



(C.8) 



They are clearly singular at V — 0. Thus we must make a local Lorentz transformation to 
make them non-singular. From the metric (1B.7[) we see that a non-singular choice of vielbeins 
will correspond to 



e+ 



2rJ /2 dV, 



2r, 



1/2 



W 2 dC/ + 8r iy 4 Z- a (3 + 16r,i /2 V W 2 + 24r V r2 W /4 )dK 



-4rJ /2 WZ- 8 (3 + YLr^VW' 1 + WroV'W^dW 



,1/2 



e 3 = 2ri / V" 1 Z- 3 /W . 



The metric can be expressed as 

ds * = e+( ,- + (e 3 )2 + (e 2 )2 + (e 4 )2 + (e 5 )2 = g+g- + ( g 3) 2 + (e 2 )2 + ^4)2 + ^5)2 



(C.9) 



(CIO) 



We must now find the Lorentz transformation relating the two sets of vielbeins. This is done 
in two steps. First we apply a boost on (e + , e~) that produces a new set of vielbeins: 



-2W 



2V 



e 3 = e 3 



(en; 



The vielbeins (e , e ) can now be shown to be related to (e , e ) by a Galilean transformation: 



2/3e 3 -/3 2 e + , e 3 = e 3 + (3 1 



where 



P 



(C.12) 



(C.13) 



2 Z 3 / 2 V ' 

These local Lorentz transformation will also act on the gravitino fields. First of all the boost 
transformation (1C.11I) transforms the gravitino to 



v 



{-2V)- 1 ' 2 ^ v = (4r ) 5 / 4 ^ 3 



(C.14) 
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The simplest way to see this is to note that the under this boost we must have 

f K r* v e + = $vf"^e + , r ± = (f 1 ±f°), (C.15) 

where we have used the T + \Ev = condition to infer that the ^yT m ^v is non-vanishing only 
for m — — . Since e + = —2Ve + this implies that \l/y = (— 2V r )~ 1 / 2 ^y. On the other hand 
the Galilean transformation ( 1C.12I) does not act on \Ev since it is generated by r 3+ and r + 
annihilates \EV. Thus the gravitino in the frame given in (1C.9j) takes the form: 



m v = $ y = (4r f 4 W 3 r](v,9,4>). (C.16) 

Although this does not vanish at the horizon, we can make it vanish using a local supersym- 
metry transformation by a parameter proportional to W 3 rj(v', 6, 0) dV . 

We note in passing that in this coordinate system the Killing spinor behaves as W V x l 2 
near V = 0. After the local Lorentz transformation described above it goes as W and hence 
is well defined at the horizon. We also note that the second solution given in (I2.49p . for which 

~ r 1 ^ 2 near r = 0, diverges as V — > in the new coordinate system. Hence it is not an 
allowed deformation. 

Let us now look at the modes generated by the Garfinkle-Vachaspati transformation of the 
original black hole metric. We begin with the centre of mass motion modes of the four dimen- 
sional black hole as described in §3.11 These modes are described by the metric perturbation 

V' - 9i( v )y l dv' l — if) ' rn l gi(v) dv 2 , n= (sin # cos 0, sin # sin 0, cos#) . (C.17) 

In the new coordinate system this deformation is given by 

16r^n i ^(w)(l + VW 2 )- 1 W A dV 2 . (C.18) 



As in the case of the deformation (1C.4j) . (1C 18|) takes finite value on the horizon but oscillates 



rapidly as V — > 0, We can make SGyv vanish by the coordinate transformation 

r v 

U -> U - H(V,W,ft), H(V,W,n) = 4r 2 Q W 2 dV n l gi (v'){\ + A^T V'W 2 y l . (C.19) 

Jo 

This generates a term —Ar W 2 (dwHdVdW + dgHdVdO + d^HdVtM) in the metric but this 
vanishes at V = since H(V, W, n) vanishes at V = for all W, 9, 0O dyH diverges at V = 0, 



17 



H depends on 8, <j) through n. 
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but as argued before d v Gwv, dyGev and d v G$v do not appear in the Riemann tensor for the 
type of metric we are considering. Thus the metric and the Riemann tensor are non-singular 
at V = for this deformation. 

Finally we shall carry out this analysis for the transverse oscillation of the BMPV metric 
in the flat space, described in §2.11 The same analysis also holds for the modes describing the 
transverse oscillation of the BMPV black hole relative to the Taub-NUT space as described 
in §3.41 since they are expected to have the same form near the horizon. In this case the 
deformation is given by: 

5(ds 2 ) = ip' 1 f(v) ■ wdv 2 = 2r 1/2 ip- 1 f(v) -rhdv 2 , m = w/\w\. (C.20) 

In the new coordinate system this deformation takes the form 

r 9/4 W 3 dV 2 

*(ds 2 ) = 16 -— rh ■ f(v) . (C.21) 

a/1 + Ay/r^W 2 V y/-V 

The metric is singular at V — 0. However this term can be removed by the following shift of 
U: 

U ^U-G(V,W,m), G(V,W,m) = 4r 5 /4 W / dV (l+A^W V)~ 1/2 (-V)- 1 ' 2 m-f(v') . 

Jo 

(C.22) 

This shift however generates a term in the metric of the form 

- 4 r W 2 d w G(V, W, m) dW dV - 4 r W 2 d t G(V, W, m) d6 { dV , (C.23) 

where 9 % denotes any of the angular coordinates. These vanish at the horizon, but their first V 
derivatives diverge at the horizon as f(v )/(— V) 1 ^ 2 . This could give rise to divergences in the 
Riemann tensor. Explicit computation shows that some of the components of the Riemann 
tensor do indeed diverge at V — 0. For example we find 

R vwvw = -2r W~ 1 d w d v (W 3 d w G(W, V)) + n.s. = -24 r^ /4 W (-Vy 1/2 m ■ f + n.s. , 

(C.24) 

where n.s. denotes non-singular terms. This diverges as V — > 0. Thus we conclude that these 
modes should not be counted among the hair degrees of freedom of the black hole. 
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